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Abstract We introduce some (anti-) M/D-branes through
turning on the corresponding field strengths of the 11- and 10-
dimensional supergravity theories over AdS4 × M7|6 spaces,
where we use S7/Zk and C P3 for the internal spaces. Indeed,
when we add M2/D2-branes on the same directions with
the near horizon branes of the Aharony–Bergman–Jafferis–
Maldacena model, all symmetries and supersymmetries are
preserved trivially. In this case, we obtain a localized object
just in the horizon. This normalizable bulk massless scalar
mode is a singlet of SO(8) and SU (4)× U (1), and it agrees
with a marginal boundary operator of the conformal dimen-
sion of + = 3. However, after performing a special con-
formal transformation, we see that the solution is localized
in the Euclideanized AdS4 space and is attributable to the
included anti-M2/D2-branes, which are also necessary to
ensure that there is no back-reaction. The resultant theory
now breaks all N = 8, 6 supersymmetries to N = 0, while
the other symmetries are so preserved. The dual boundary
operator is then set up from the skew-whiffing of the repre-
sentations 8s and 8v for the supercharges and scalars, respec-
tively, while the fermions remain fixed in 8c of the original
theory. Besides, we also address another alternate bulk to
boundary matching procedure through turning on one of the
gauge fields of the full U (N )k ×U (N )−k gauge group along
the same lines with a similar situation to the one faced in the
AdS5/CFT4 correspondence. The latter approach covers the
difficulty already faced with in the bulk–boundary matching
procedure for k = 1, 2 as well.
1 Introduction
In some recent studies [1–4], we explored the vacua of the
Aharony, Bergman, Jafferis, and Maldacena (ABJM from
now on) model [5] as, by now, the best-conjectured model
of AdS4/CFT3 duality or M2/D2-brane theory. The main
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class of the solutions, which we have been searching for,
are solitons and instantons. The instantons, which we con-
sider, are defined as the solutions to the classical equations
of motion (EOM from now on) in the Euclidean space with
nonzero finite actions. As a result, there are some saddle
points contributing to the phase integral that, in turn, cause
non-perturbative corrections to the main action. The way that
we use here is by turning on the fluxes through the form
fields, while we try to keep the original ABJM background
fields and geometries [5] unaffected. The arising effects (and
dynamics) may be considered as coming from the original
branes or from the new (anti-) branes added.
We first found a membrane instanton [4]. Indeed, by mak-
ing use of some ansatzes for the 4-form field strength and
EOM of the 11-dimensional (11d from now on) supergrav-
ity over AdS4 × S7, when S7 is considered as a S1 fiber-
ation on C P3, we arrived at a localized object in the bulk
of Euclideanized AdS4 (EAdS4) space. The corresponding
“irrelevant” boundary operators of the conformal dimension
of ∓ = 1, 2, with the bulk “tachyon” fields, were sur-
veyed. Then, to adjust the bulk and boundary theories, we
were forced to swap the representations 8s and 8c of the
supercharges and spinors of the ABJM model, respectively.
The resultant theory was then for anti-M2-branes. Next, by
turning on a singlet Fermi field next to just the U (1) parts of
the full gauge group, the fitted dual boundary solution with
finite action was also obtained.
The second exact solution was the one of the U (1) instan-
ton [3]. Turning on some bulk modes induced some magnetic
fluctuations on the boundary. For those massless gauge fields
in the bulk of Euclidean AdS4, the dual boundary operators
with ∓ = 1, 2 were constructed just from the U (1)×U (1)
gauge fields. That solution was indeed a D0-instanton inside
the original D2-branes. The electric–magnetic duality for this
case and the bulk–boundary solution adjustments were also
addressed. Meanwhile, another related approach to the prob-
lem was made in [2], where an uplift of the solution to the
main 11d supergravity was also performed.
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Next, we arrived at another fully localized solution in
EAdS4 [1]. That was a pseudoscalar in the bulk coming
from an anti-D4(M5)-brane whose world-volume was warp-
ing around the five (six) directions of C P3 (S7/Zk). Actu-
ally, the field strength soured by the added anti-brane was
a 6(7)-form written in terms of the nontrivial 1-form ω on
C P3. The gravitational ansatz was SU (4) × U (1)-invariant
and so the included massless pseudoscalar was also in the
already known spectra of 10d (11d) supergravity over the
associated space when, of course, S7/Zk was considered as
a U (1) fiberation on C P3 [6]. Meanwhile, the solution broke
all supersymmetries, and the supercharges must be taken in
8c or 8v , in contrast to the original ABJM spectra. That, in
turn, signified that the resultant theory was again for anti-
D2(M2)-branes because of the newly included supersymme-
try breaking anti-branes. Therefore, to adjust the boundary
to the bulk, we swapped the representations 8s and 8c of
the supercharge and spinors of the ABJM model similar to
that done in [4]. The boundary “marginal” operator with the
conformal dimension of + = 3, associated with the nor-
malizable bulk mode, was argued to have the same structure
as the terms in the SU (4)×U (1)-invariant Lagrangian of the
ABJM first presented in [5] and [7]. By analyzing the behav-
ior of the bulk mode near the boundary and making use of
the bulk–boundary duality rules [8,9], we determined the
matching field theory solution and noticed the other related
issues as well. It is mentionable that, to arrive at a clear bulk
solution, we needed to turn on some scalars and fermions
alongside the U (1) parts of the full gauge group. There, we
also discussed a little the uplifting of the 10d ansatz to 11
dimensions, and we argued that the solution was at least not
valid for k = 1, 2, where the R-symmetry is enhanced to
SO(8). Another interesting hint was that we could use the
boundary gauge fields to find the corresponding solution to
the bulk. By doing so, we could say that our instanton solu-
tion might be the best counterpart to the 10d type IIB one
over AdS5 × S5 versus 4d N = 4 SU (N ) Yang–Mills the-
ory [10,11]. In the current note we continue the lines of these
studies.
The instanton solution in the Euclidean AdS4 here has
some likenesses with that in [1], in addition to some sub-
tle points and its origin, which is almost different. Clearly,
while the original 6-form and its associated bulk equation
in [1] was not invariant under a special conformal transfor-
mation, the 4-form ansatzes here in 10d and 11d supergrav-
ities over AdS4 × C P3 and AdS4 × S7/Zk , respectively,
are conformal invariant. Indeed, we now find some massless
“scalar” solutions whose conformal transformation or their
skew-whiffing go into the original bulk solution in [1]. We
argue that the basic solutions preserve all supersymmetries
provided that the associated M2/D2-branes are added on the
same directions as the original branes in the near horizon limit
of the ABJM model. The conformably transformed (or skew-
whiffed or orientation-reversed) solutions break all super-
symmetries as expected except when the internal space is S7.
Other symmetries are simply preserved and, thus, the corre-
sponding boundary operator seems to be “exactly marginal”.
Still, an important point to make is that in order not to be faced
with the back-reactions, caused by the new (anti-) branes, that
special conformal transformation is indeed essential.
On the other hand, we know that the massless scalars
are in the representation 35v → 150 ⊕ 102 ⊕ 1¯0−2 of
SO(8)→ SU (4) × U (1) in the original ABJM spectra.
Therefore, the uncharged scalars sit in 150. Nevertheless,
one may construct the needed SU (4)-invariant U (1)-neutral
dimension-three operators from the associated scalars in
8v = 41 ⊕ 4¯−1 to adjust the bulk states. Still, the main and of
course interesting solution is the special skew-whiffed one,
where we have to exchange the representation 8s with 8c or
8v in ABJM. The appropriate swapping here is 8v → 8s =
12 ⊕ 1−2 ⊕ 60, while the fermions remain in 8c = 4−1 ⊕ 4¯1
unchanged. Accordingly, the scalars sit now in 35v → 35s =
10 ⊕ 1¯4 ⊕ 1−4 ⊕ 6¯2 ⊕ 6−2 ⊕ 200. Thus, we are lead again to
the anti-M2/D2-brane theory by the process. Analyzing the
bulk solution near the boundary, along a similar line as that
in [1], apart from our knowledge of the general forms of the
marginal operators, guides us to finding some fitted boundary
solutions. Indeed, we use a single scalar instead of the single
fermion of [4] and also [1], besides setting the fermions and
gauge fields to zero, to construct a field theory solution with
finite action and to match the bulk–boundary facts.
Moreover, another alternative and even more proper
matching elements on the boundary could be the gauge
fields. So, we will use some of the gauge fields of the full
SU (N ) × SU (N ) gauge group to construct the respective
marginal operators and solutions to match with the bulk states
and solutions. Actually, the corresponding operator can be
constructed from the elements of the Chern–Simon terms
common in M2/D2-branes theories. For simplicity, and based
on some arguments, we just consider one of the U (N ) and,
further, concentrate on the famous SU (2) part. The next steps
are similar to those of the matching of the well-known bulk
instanton solution in AdS5 with the Yang–Mills instantons
on the boundary of the corresponding 4d SU (N ) SYM the-
ory [11–13]. As we will see, this new solution matches to the
both common bulk solutions here and in [1], and especially
for the undetermined cases of k = 1, 2 there.
The rest of the paper is organized as follows. In Sect. 2,
we deal with the gravity side of the study, where we include
the needed materials of the involved supergravity theories,
ansatzes for the form fields both in 10 and 11 dimensions,
associated supergravity spectra, clear solutions, charges,
actions, and other related gravitational discussions. In Sect. 3,
the field theory side is addressed. There, we continue with
the matching of the bulk solution to the boundary through the
correspondence rules and we find a plain boundary solution;
123
Eur. Phys. J. C (2014) 74:2826 Page 3 of 11 2826
while in Sect. 4, we study an alternative boundary solution
by turning on the Yang–Mills gauge fields and explore how
to match that boundary solution to the bulk one. Section 5
includes a summary and some other related issues that may
not be addressed in other parts of the paper or may be inter-
esting for further studies.
2 On gravity side aspects
2.1 Background geometries and fields of M2/D2-branes,
actions, and equations of motion
We first review the needed materials for M2/D2-brane super-
gravity theories mainly from ABJM [5]. One always starts
from M-theory over AdS4 × S7 with N´ units of the 4-form
flux as
ds2M =
R2
4
ds2AdS4 + R2ds2S7 , (2.1)
G(0)4 ∼ N´EAdS4 , (2.2)
where R, N´ , and EAdS4 are the curvature radius of 11d target-
space, the initial number of the flux quanta, and the unit vol-
ume form of AdS4, respectively. For the AdS4 metric in the
Poincaré upper-half plane coordinates with Euclidean signa-
ture we use
ds2EAdS4 =
R2
4u2
(
du2 + dxi dxi
)
, i = 1, 2, 3, (2.3)
where R = R7 = 2RAdS = 2L . For S7, when considered as
a S1 fiber-bundle on C P3, we write
ds2S7 = ds2C P3 + (dϕ´ + ω)2, (2.4)
where ϕ´ is the fiber coordinate with a period of 2π , and ω is
a topologically nontrivial 1-form related to the Kähler form
J on C P3 (indeed J = dω) and is dual to the Reeb Killing
vector of ∂ϕ´ . In the last metric, the original isometry symme-
try of S7 breaks down as SO(8) → SU (4) × U (1), where
SU (4) is the isometry of C P3. After taking the Zk orbifold
of the C4, which are in turn the coordinates transverse to
the M2-brane world volumes, these eight scalars transform
as X I → ei2π/k X I with I = 1, 2, 3, 4 and ϕ´ → ϕ/k,
and the M-theory is now over AdS4 × S7/Zk of course.
When k becomes large (indeed k → ∞), the M-theory cir-
cle becomes small and a better description is 10-dimensional
type IIA string theory over AdS4 ×C P3 with N´ = k N units
of the 4-form flux on the quotient space. Then we can write
ds2ABJM(I I A) = R˜2
(
ds2AdS4 + 4ds2C P3
)
,
R˜2 = R
3
4k
= π√2λ, (2.5)
where λ ≡ N/k is the ’t Hooft coupling of the boundary
theory, and the last approximation is valid when λ 	 1 and
also k5 	 N . We now have N units of the 4-form flux F (0)4
on AdS4 and k units of the 2-form flux F (0)2 on the 2-cycle
of C P1 ⊂ C P3 as follows:
F (0)2 = d A(0)1 = k J, F (0)4 = d A(0)3 =
3
8
R3E4,
H3 = d B2 = 0, e2φ = R
3
k3
, (2.6)
where E4 is the unit-volume form on AdS4 and B2 is the
NSNS 2-form of the type II theories.
We now comment on the actions from which the above
backgrounds arise and our solutions have to satisfy the equa-
tions of motion as well. First, we concentrate on the 10d type
IIA supergravity action and equations that we are mainly
working with; whereas the 11d supergravity discussions are
duly treated briefly. The 10d type IIA supergravity in the
string frame always reads
SI I A = 12κ2
∫
d10x √g e−2φ R
+ 1
2κ2
∫ [
e−2φ
(
4dφ ∧ ∗dφ − 1
2
H3 ∧ ∗H3
)
−1
2
F2 ∧ ∗F2 − 12 F˜4 ∧ ∗F˜4 −
1
2
B2 ∧ F4 ∧ F4
]
,
(2.7)
where F˜4 = d A3 − A1 ∧ H3 and the Hodge-star operation
is with respect to the full 10d metric. Among the EOM for
the form fields, metric, and dilaton equations of ABJM, the
dilaton equation is satisfied trivially as it takes a constant
value; meanwhile, H3 = 0, and the Ricci scalar R vanishes
for the involved geometries. The field equations that the new
solutions have to satisfy, with H3 = 0, are as well
d Fp = 0, d ∗ Fp = 0, (2.8)
d(e−2φ ∗ H3) = −F2 ∧ ∗F˜4 + 12 F˜4 ∧ F˜4, (2.9)
where p = 2, 4. The Einstein equations of
RM N − 12 gM N R = −8T
φ
M N + T H3M N
+ e+2φT F2M N + e+2φT F˜4M N , (2.10)
where the capital indices M, N , . . . are for the 10d space-
time directions, are also satisfied in the ABJM background.
But we should note that as long as we are not interested
in changing the original background geometries, we should
adjust the added fields so that the energy-momentum ten-
sors on the right-hand side (RHS) of the last equation vanish.
Nevertheless, as argued in the previous studies [1,3], even
though there may be some small back-reactions on the orig-
inal backgrounds, one could simply ignore them in a probe–
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brane approximation or because of the holographic renor-
malization discussions [14,15]. However, we will see that
the back-reactions here are small when we add the branes in
the directions parallel to those of the original ABJM branes,
or they vanish when we add an orientation-reversed (skew-
whiffed) version of the former branes, i.e. some special anti-
branes.
2.2 Ten-dimensional ansatzes and solutions
The ansatzes we consider for the 4-form field strength of the
10d type IIA supergravity over AdS4 × M6, with M6 as a
common 6d internal manifold, are
F (1)4 = d f1 ∧ A(0)3 + f1 F (0)4 , (2.11)
F (2)4 = d f2 ∧ dx ∧ dy ∧ dz, (2.12)
F (3)4 = d( f3−1) ∧ dx ∧ dy ∧ dz, (2.13)
where f1, f2, and f3 are some scalar functions in terms of
the bulk coordinates. The identity in (2.8) is satisfied trivially
and from d ∗ F4 = 0 we obtain the following differential
equations:
d2 f1(u)
du2
− 2
u
d f1(u)
du
≡ L1 f1(u) = 0, (2.14)
d2 f2(u)
du2
+ 4
u
d f2(u)
du
≡ L2 f2(u) = 0, (2.15)
L2 f3(u) − 2f3(u)
(
d f3(u)
du
)2
≡ L3 f3(u) = 0, (2.16)
respectively. The solutions are
f1(u) = c1 + c2u3, (2.17)
f2(u) = c3 + c4
u3
, (2.18)
f3(u) = c5u
3
c6 − 3c7u3 , (2.19)
respectively, where c1, c2, . . . are some constants related to
the object charges that we shall encounter later. Now, we
note that the operators L1, L2, and L3 are invariant under the
following conformal transformation:
xμ´ ↔
xμ´
u2 + r2 , (2.20)
where we use μ´, ν´, . . . for the four AdS4 directions and
r = √xi xi . The conformal transformation maps a point at
infinity to another at the origin; meanwhile it interchanges
the boundary conditions. In other words, the compact space
is now S3 × C P3 with a normal vector reversed and the sign
of the 4-form fluxes changes because the E4 sign changes by
the map. For the present case, it transforms the instantons to
anti-instantons actually. We come back to this point later.
On the other hand, the metrics of (2.1) and (2.5) and
also the 4-form fields are invariant under the transformation.
Therefore, as f (u) is a solution, f ( u
(u2+r2) ) is also a solution.
So, from (2.17), we have
f t1 (u) ≡ f t (u, u; 0, u0) = c1+
c2u3
[(u − u0)2 + u2]3 , (2.21)
which is indeed the boundary to the bulk propagator. With
c7 = 0, (2.19) leads to a same structure, while we put (2.18)
aside for now in that there is no new thing and we refer the
reader to [16] for a similar study in the type IIB theory. This
conformally transformed solution is the same as that already
met in [1], as a skew-whiffed solution, attributable to the anti-
M/D-brane instantons. This solution is also a similar type
with the famous D-instanton in the 10d type IIB supergravity
over AdS5 × S5 [11–13].
In order to see what happens for our ansatzes, based on
the solutions and under the transformation of (2.20), we may
write
F (1)4 =
3
8
R3
(
f1(u) − u3 f´1(u)
)
E4 ⇒ F (1a,1b)4
= ±3
8
R3c1E4, (2.22)
F (2)4 = −u4 f´2(u) E4 ⇒ F (2a,2b)4 = ±3c4E4, (2.23)
F (3)4 = u4
f´2(u)
f2(u)2 E4 ⇒ F
(3a,3b)
4 = ±
3
c8
E4, (2.24)
where´on the f stands for the first derivative with respect to
u, c8 = c5/c6, and the upper sign + is for the original solu-
tions, while the lower sign − is for the conformal transformed
solutions. Note that it is required here that, for
c1 = 1, c4 = R3/8, c8 = 8/R3, (2.25)
the above solutions match with the original F (0)4 in (2.6), and
by the conformal transformation they match with its skew-
whiffed version exactly.
So far, the included branes or anti-branes back-react on the
original geometry, although by a negligible amount. How-
ever, we now see that for some other values of the constants
they do never back-react. We remember that on the RHS of
the metric equation of (2.10), there are the energy-momentum
tensors. In this case, we should try to cancel the competitor
terms because of the new included fields in the related tensor
T F4M N =
1
2.4!
[
4FM P Q R F P Q RN −
1
2
gM N FP Q RS F P Q RS
]
,
(2.26)
for which we just look in the AdS4 components because,
for the new included fields, the internal components vanish
trivially. So, to nullify the back-reactions, we have to set
c1 = −2, c4 = −R3/4, c8 = −4/R3. (2.27)
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Therefore, the requirement of there being no back-reaction
because of the added branes on the original background leads
to a special skew-whiffing. This, in turn, means that we
are indeed including some supersymmetry breaking anti-D2-
branes so that the resultant theory is also for anti-D2-branes.
One may also note that for the conformal transformed solu-
tions not to back-react on the main geometry, we should take
the opposite sign of the constants in (2.27). For both cases
and all 4-forms, vanishing of the energy-momentum tensors
thus implies that the solution we have reads
F4 = −34 R
3E4. (2.28)
Altogether, one may note that we indeed have included
some electric D2-branes and anti-D2-branes in the same
directions as the original near-horizon branes in the ABJM
model. Nevertheless, the dynamics maybe has to do with
some fluctuations on the main branes and not especially with
the newly added branes. Anyhow, when we add D2-branes
with the solutions in (2.17), (2.19), and the positive values
for the constants, we have some back-reactions, although
they are small; while by embedding the special anti-branes
with the solution in (2.21) and just with the special negative
values of the constants in (2.27), we can avoid the back-
reactions. We should also note that for the special values of
the constants in (2.25), the solution has the same structure
as that in ABJM; while with the negative values, there is
an exactly skew-whiffed version of (2.6). Both latter cases
involve back-reactions. Therefore, we mention again that to
abstain from the back-reactions, one may consider the inter-
actions between the main branes of the ABJM with the special
anti-branes added or between the main anti-branes with the
special branes added.
Therefore, we can have two bulk theories: one that pre-
serves all supersymmetries and one that breaks all supersym-
metries. The former occurs when the same branes as those in
the near-horizon limit of ABJM are included, while the latter
is when the anti-branes or some skew-whiffing of the origi-
nal branes are included. In both cases, the real scalar, f here,
sits in 10 as a singlet of SU (4) × U (1). But we should note
when one looks at the already known spectra of the super-
gravity theories involved on the associated spaces [5,6], one
sees that the massless scalars sit in 35v → 150 ⊕102 ⊕ 1¯0−2
of SO(8) → SU (4)×U (1) for the original supersymmetric
N = 6 theory and also for the skew-whiffing 8c ↔ 8s of the
ABJM with N = 0, which we recently considered in [1,4]
as well. In other words, the scalars, fermions, and gravitons
are originally in the representations 8v , 8c, and 8s of SO(8)
in ABJM, respectively. For now and having a SU (4)-singlet
scalar in the bulk, we should swap the representations 8s
and 8v for the supercharges and scalars in ABJM, while the
fermions remain in 8c unchanged. So, the new skew-whiffed
representation and the original ones are related as follows:
⎧⎪⎨
⎪⎩
8v →8s = 12 ⊕ 1−2 ⊕ 60,
8s →8v = 41 ⊕ 4¯−1,
8c = 4−1 ⊕ 4¯1,
⇒
⎧⎪⎨
⎪⎩
35v →35s = 10 ⊕ 1¯4 ⊕ 1−4 ⊕ 6¯2 ⊕ 6−2 ⊕ 2¯00,
35s →35v = 102 ⊕ 1¯0−2 ⊕ 150,
35c = 10−2 ⊕ 1¯02 ⊕ 150,
28v → 10 ⊕ 6¯2 ⊕ 6−2 ⊕ 150, (2.29)
where we note that the gauge bosons sit in a same represen-
tation for all three gravitinos. Now, we have an uncharged
SU (4)-singlet scalar (10) with the skew-whiffing of 8s ↔ 8v .
It is worth to mention that we indeed have a real scalar in the
bulk because of its origin from a 3-form completely in the
external space of AdS4.
Here it is proper to discuss the (anti-) brane charges.
According to the standard formulas
Q D2e =
1√
2κ2
∫
∗F4, Q D2m =
1√
2κ2
∫
F4, (2.30)
where κ2 = 12 (2π)7, and making use of the following rela-
tions:
∗ E4 = R
3
3k
J 3, ∗J 3 = k
128R3
E4, Vol(C P3)= π
3 R9
6k3
,
(2.31)
based on the solutions of (2.17), (2.19) or (2.21), one simply
obtains
Q D2e =
4√
2(2π)9
C
λ
, Q D2m =
2√
2(2π)7
C, (2.32)
where the full volumes of C P3 and AdS4 are factored out for
the electric and magnetic charges, respectively. C can be used
for the overall coefficients in (2.22), (2.23), and (2.24). We
see that the electric charge is tiny asλ 	 1, and that in general
both charges are small compared with the background one.
That is because if we use for instance the constants in (2.27),
the resultant charge is a very small fraction of N (almost zero)
justifying that the back-reaction could be ignored definitely.
Remember that the plus sign is for branes and the minus sign
is for anti-branes here.
The respective contribution from the fifth sentence of the
action (2.7), based on the solutions, like charges, becomes
SD2inst. = −
2
(2π)11
C2
λ2
, (2.33)
where the full 10d volume of Vol(AdS4 × C P3) is factored
out as a common factor. We again see that the corrections
induced by the new included (anti-) branes are small really.
123
2826 Page 6 of 11 Eur. Phys. J. C (2014) 74:2826
2.3 On ansatzes and solutions in 11 dimensions
The statements in the last subsections on D2-branes are also
valid in the case for M2-branes, generally. More clearly, the
ansatzes and solutions are valid in 11d supergravity over
AdS4 × S7/Zk (with S7/Zk = C P3 × S1/Zk) and satisfy
the identity and equation
d F4 = 0, d ∗11 F4 + 12 F4 ∧ F4 = 0, (2.34)
where we note that the unit-volume form, in the 7d internal
space, is
E7 = 18.3! J
3 ∧ e7, e7S1/Zk =
1
k
(dϕ + kω) ≡ e7, (2.35)
which next to (2.31) is useful in evaluating the actions and
charges of the added (anti-) M-branes. The issue of the back-
reaction is also exactly the same as the former (anti-) D-
brane case; meanwhile we do not have a dilaton or any other
fields here. Another point to make is that the ansatzes for
F4 are invariant under any internal isometric symmetry and
especially SO(8), which is the special case with k = 1, 2
here.
An interesting issue to address is the uplifting of the solu-
tion to 11 dimensions with pointing out its margins and inter-
pretations. But before that, one may note that the original
solutions we have are pointlike in the external space simi-
lar to those in [12,13], and not necessarily localized in the
full 10- or 11-dimensional space as that in [11]. Indeed, the
solution of (2.27), and also that in [1], may be considered
as smeared on C P3 or S7/Zk , while the original solutions
of (2.11), (2.12) and (2.13) are originally smeared not only
on the six or seven internal directions but also on the three
directions of the bulk. Namely, they are also smeared in
the D2- or M2-branes world volumes and are localized just
in u.
To uplift the solution, we first note that the energy-
momentum tensors, because of the newly included branes,
vanish exactly when the constants are those in (2.27), which
in turn means adding some special anti-M-branes. This, in
turn, means that in the absence of the back-reaction, the
Kaluza–Klein truncation is consistent here—refer, e.g., to
[17] for further studies. The latter point out that the lower-
dimensional fields do not serve as sources for the higher-
dimensional ones. So, we try to construct a full 11d solution
by starting from the 4d Laplace equation.
A solution localized in the full 11d space, with all 11
indices for the Laplace equation, can be set with an ansatz
as f (xi , ym) = G(u)F(u, y) with y considered as the eight
coordinates transverse to the M2-branes world volume and
u = √ym ym , m = 1, . . . , 8. Along the same lines as [18],
one can easily show that
F(u, y) = c10+ c11[(y−y0)2+(u−u0)2]3 , G(u) = c12u
3,
⇒ f (u, u, y) = c13 + c14 u
3
0 u
3
[(y − y0)2 + (u − u0)2]3
≈ u
3
0u
3
| X − X0|6
, X = (xi , ym), (2.36)
where the 11 bosonic collective coordinates of X0 ≡
(xi0, y
m
0 ) represent the M-instanton position in the full 11d
Euclidean space. This instanton solution may be a wormhole
connecting the asymptotic AdS4 × S7/Zk space and a flat
space at the instanton location [18,19]. It is also notable that
the solution in (2.17) can be considered as the u0 → ∞ limit
of (2.36) and so (2.17) complies with a large instanton. On
the other hand, the solution in (2.21) is the u0 → 0 limit of
this 11d localized solution and so it is suitable for a small
instanton. We return to this later.
3 On field theory aspects
3.1 M2/D2-branes standard Lagrangian
We mention the clear SU (4)-invariant Lagrangian of the
ABJM model [5], which is at hand here. For M2-branes of
11d supergravity, the near-horizon geometry is AdS4 × S7.
Because of ABJM, when N stacks of these M2-branes probe
a C4/Zk singularity, the world-volume theory of the branes
is a N = 6 conformal Chern–Simon matter field theory
with a quiver gauge group of U (N )k × U (N )−k . The matter
fields transform in the bifundamental representations of the
gauge group with the Chern levels of (k,−k). In the spe-
cial limit, when the ’t Hooft boundary effective coupling is
λ ≡ N/k 	 1 and k5 	 N , a better description for the
gravity theory is type IIA supergravity over AdS4 ×C P3. In
the procedure, S7 is always considered as a U(1) fibration on
C P3. On the field theory side, this U (1) symmetry matches
to a U (1)b with b for baryonic symmetry.
The SU (4)R × U (1)b-invariant standard action for M2/
D2-brane theories now reads
SABJM =
∫
d3x
{
k
4π
εμνλ tr
(
Aμ Aν Aλ + 2i3 Aμ Aν Aλ
− Aˆμ Aˆν Aˆλ − 2i3 Aˆμ Aˆν Aˆλ
)
−tr
(
DμY †A D
μY A
)
− tr
(
ψ A†iγ μDμψA
)
− Vbos − Vferm
}
, (3.1)
where
Vferm = −2π ik tr
(
Y †AY
Aψ B†ψB − Y AY †AψBψ B†
+ 2Y AY †BψAψ B† − 2Y †AY Bψ A†ψB
+ εABC DY †AψBY †CψD − εABC DY Aψ B†Y Cψ D†
)
,
(3.2)
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Vbos = −4π
2
3k2
tr
(
Y AY †AY
BY †BY
C Y †C
+ Y †AY AY †BY BY †C Y C + 4Y AY †BY C Y †AY BY †C
− 6Y AY †BY BY †AY C Y †C
)
(3.3)
are the Bose–Fermi interaction term and the scalar bosonic
potential, respectively. Note that μ, ν, . . . here stand for the
3d Minkowski indices. The matter fields are four complex
scalars of Y A (A = 1, 2, 3, 4) and four 3-dimensional spinors
of ψA, which transform in the bifundamental representation
(41, 4¯−1) of SU (4)R × U (1)b. The gauge fields Aμ and Aˆμ
couple to the matter fields  (Y A or ψA) by the covariant
derivatives
Dμ = ∂μ + i Aμ − i Aˆμ,
Fμν = ∂μ Aν − ∂ν Aμ + i
[
Aμ, Aν
]
,
(3.4)
where the field strength for A is also given. The conventions
for the metric, Clifford algebra, and real gamma matrices in
original Minkowski signature read
ημν = diag(−1, 1, 1), {γμ, γν}
= −2ημν, γ μ = (iσ2, σ1, σ3), ε012 = −1, (3.5)
where σ1,2,3 are the usual Pauli matrices. We mention that the
traces are taken on the N × N matrices of the gauge group,
keeping the gauge invariant quantities; and the normalization
for the U (N ) generators of ta is set as tr(tatb) = 12δab. When
we discuss the explicit boundary solutions, we will do the
continuation to the Euclidean signature.
This Lagrangian was first studied in [5,7], while the N =
1, 2 superfield formalism of the theory was presented in [7,
20] next to some other related aspects surveyed also in [21,
22]. In [23], it was shown that for the special case of N = 2
M2-branes, the Bagger–Lambert–Gustavsson (BLG) theory
[24] is a special case of the ABJM theory with the gauge
group of SU (2) × SU (2). Indeed, for the special cases of
k = 1, 2, the SU (4) R-symmetry of the ABJM is enhanced
to SO(8) and therefore N = 8 owing to the “monopole
operators” [25].
3.2 Matching the bulk solutions to the boundary
A scalar field in the bulk of the Euclidean AdS4, when
approaching the boundary at u = 0 of the Poincaré upper-
half plane coordinates (2.3), behaves like [8]
f (u, u) ≈ α(u) u− + β(u) u+ , (3.6)
where ∓ are the roots of (mL)2 = ( − 3). For a mass-
less scalar, ∓ = 0, 3 for which we use + = 3 correspond-
ing to the normalizable mode in the bulk. α and β play the
roles as the “source” and “vacuum expectation value” of the
marginal operator of the conformal dimension of + = 3,
respectively, and vice versa for − [8,26].
Such a scalar can be quantized either with a Dirichlet
boundary condition δα = 0 (which can be used for any
m2) or with Neumann or mixed boundary condition δβ = 0
(which can be used when the scalar masses are in the range
of −9/4 < m2L2 < −5/4, ensuring stability too). For
the Dirichlet boundary condition, the stability needs the
scalar mass to obey the Breitenlohner–Freedman (BF) bound
m2L2 ≥ −9/4 [27]. These boundary conditions preserve the
asymptotic symmetry groups, lead to finite energies, and cor-
respond to two boundary CFT’s. The “usual” CFT is that for
which a source α couples to an operator of the conformal
dimension of +.
Anyway, we now note that for the solution in (2.17), both
α and β are constants, and for them we propose an operator
of the conformal dimension of 3. Meanwhile, for the solution
of (2.21), the procedure here is the same as that outlined in
[1]. Indeed, by comparing (2.21) with (3.6), we can write
α(u) = f0(u), β(u) = c2|u − u0|6 . (3.7)
For a localized object on the boundary, the source of f0(u0)
is indeed a delta function δ3(u − u0) and we have
1
3
〈O3(u)〉α = −δW [α]
δα
= β(u), (3.8)
in which W = −Son−shell are, from left, the field theory
“generating functional” and the bulk “on-shell action” that
we evaluate below. Then, in the language of [9], because
of turning on the normalizable bulk scalar mode, we should
deform the action as S → S + W , where
W = −1
3
∫
d3u α(u) O3(u), (3.9)
and we note that α = c1 here, and that the plain forms for
the operators come in the next subsection and section.
3.3 Boundary solutions and correspondence
First we remember that our ansatzes for F4 are SU (4) and
SO(8) invariant and actually a singlet, and, in addition, that
they do not carry any U (1) charge. So, the dual operator O3
has to have the same property. Nevertheless, we already know
that the normalizable mode may be considered as a different
sate in the original theory and not necessarily as a deforma-
tion of that [26]. This fact suggests that the dual operators
have the same structures as the main Lagrangian (3.1) terms.
This statement is confirmed in some previous studies on the
spectra and Bogomol’nyi–Prasad–Sommerfeld (BPS) oper-
ators to which the bulk modes agree [28–31]. The common
proposed marginal operator, dual to the bulk scalars, can be
written
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O´3 = tr
(
X [I X†J X
K ]X†[K X
J X†I ]
)
, (3.10)
where the suitable trace subtraction should be mentioned.
This operator has, of course, the same structure as with the
scalar sextet potential of the BLG and ABJM model. Indeed,
we should note that if one uses Y A = X A + i X A+4, the
ABJM scalar potential of (3.3) coincides with the BLG one,
which is − 32π23k2 O´3 [7,23].
On the other hand, we recall that we have two types of solu-
tions. One may be attributed to adding some M2/D2-branes in
the same directions as the original ones in the near horizon of
the ABJM and thus preserving all symmetries and supersym-
metries; the other one may be attributed to adding some anti-
M2/D2-branes with a flipped direction (orientation-reversed)
with respect to the original ones because of the conformal
transformation of (2.20), which preserves all symmetries but
is breaking all supersymmetries. Now, we try to write solu-
tions for both cases.
By the way, we know that the massless scalars in the origi-
nal ABJM theory sit in the representation 35v → 150⊕102⊕
1¯0−2 of SO(8) → SU (4)×U (1)with X I → (Y A, Y †A). This
shows that the U (1)-neutral ones are in 150, while our bulk
scalars are singlet and sit in 10. But there is no problem! The
representation for Y AY †A is 41 ⊗ 4¯−1 = 150 +10 and so, from
(3.10), one can easily see that there is a SU (4)R × U (1)b-
singlet. Therefore, with a more intimately connected opera-
tor, of the conformal dimension of + = 3, composed of the
ABJM scalars like
O3 = tr
(
Y AY †AY
BY †BY
C Y †C
)
, (3.11)
to agree with a bulk solution like (2.17), with respect to (3.8)
and (3.9), one may simply set
Y A = Y †A = c15 I N×N , (3.12)
where I N×N is the unitary matrix. We see that there is no crit-
ical point for the case. But, for the conformally transformed
or the skew-whiffed solution in (2.21), which corresponds to
the anti-M2/D2-brane theories, there are elements in com-
mon.
As discussed in (2.29), for the skew-whiffed bulk solution,
we should swap the representations s and v for the super-
charges and scalars of the ABJM model. The scalars now sit
in 8v → 8s = 12 ⊕ 1−2 ⊕ 60, according to which we break
up the scalar fields as X I ≡ (yn, y7, y8) ≈ (yn, y, y¯) with
n = 1, . . . , 6, y = y7 + iy8, and for simplicity also with
y¯ = y†. The situation is similar to [1,4], where we had a
single fermion instead of a scalar here. By making use of just
this single scalar and setting the other six scalars to zero, the
marginal operator, from (3.11), reads
O3 = tr(y y¯)3, (3.13)
while there are still other ways to construct such an operator
from the scalars. It is simple to see that with yn = 0, the scalar
potential from the action of (3.1) vanishes. Afterwards, by
setting the gauge fields and also the fermions to zero and with
respect to (3.9), the remaining part of the Lagrangian reads1
Linst. = −tr(∂i y∂i y¯) − c13 tr(y y¯)
3. (3.14)
Next, by taking y = ih(r)11×1, we arrive at
h(r) = 1/2
√
3
c1
(
c`
c`2 + r2
)1/2
, (3.15)
with c` another constant. Then, based on the current solution
with c1 = 1, the finite part of the action becomes
Sinst.S =
√
3
2
π2. (3.16)
Now, as a main test of the duality correctness, we see that the
one-point function of the involved operator, O3(u), based on
the solution of (3.15), is the same as β(u) in (3.7) up to some
constants, these constants in turn can be adjusted together.
To sum up the subsection, we remind the reader that
our bulk solutions with N = 6, 0 supersymmetries have
some equivalents in the ABJM SU (4)R × U (1)b-invariant
Lagrangian especially for k ≥ 3 when we use the Hopf-
fibered S7/Zk = C P3 × S1/Zk in the correspondence with
the already known spectra [32]. For k = 1, 2, our bulk solu-
tion is tantamount to the boundary solution with SO(8) R-
symmetry and so we have N = 8 supersymmetry. A notice-
able point is that as long as the ABJM scalar potential, which
we use to match the solutions, is SO(8)-invariant [23,25],
we can implicitly say that the solutions are valid for all k’s.
Of course, we should note that, in general, the SO(8) sym-
metry combines the standard operators like tr(Y AY †A) with
the monopole operators to enhance the symmetry [5].
Nonetheless, we may still follow another way to match the
bulk to the boundary solutions: using the other common terms
in the BLG and ABJM Lagrangians. So, we use the Chern–
Simon terms in the next section. We will see that the handling
of the gauge fields is meaningful both in finding the boundary
solutions for the k = 1, 2 cases, which were undetermined
in [1], and also in following the lines already used to find the
D-instanton in 10d type IIB theory over AdS5 × S5 versus
4d SU (N ) N = 4 Yang–Mills field theory.
4 The bulk solution from the Chern–Simon action
We now consider just the universal Chern–Simon terms and
gauge fields of the action (3.1) for the M2/D2-branes. For
1 It is notable that one could simply set all fields in the action of (3.1) to
zero except one real scalar field. One then gets the desired solution triv-
ially without dealing with any deformation as the marginal normalizable
bulk mode suggests that the boundary solution may be from the main
action and not necessarily from any deformation of the main action.
123
Eur. Phys. J. C (2014) 74:2826 Page 9 of 11 2826
convenience and for the sake of the solution matching, we
put away one group of the full U (N )k × U (N )−k , which
in turn means using one of the gauge fields, say Ai . Still,
an even more logical reason for doing so may come from
a “novel Higgs mechanism”, where the quiver gauge group
of SU (N ) × SU (N ) breaks down to SU (N ) under certain
conditions; refer to [33] and references therein for further
related studies. Another reason could be the breaking of the
parity by the supersymmetry breaking solution of [1], which
in related situations for some typical studies has also been
considered in [34]. Anyhow, we simply take Aˆi = −Ai .
So, the remaining Lagrangian with setting the scalars and
fermions to zero reads
LC S = k4π tr
(
A ∧ d A + 2i
3
A ∧ A ∧ A
)
,
F = d A + i A ∧ A. (4.1)
On the other hand, we know that to have a finite action by a
configuration, the Lagrangian density should be nonzero just
in a localized region of the space and vanish at the bound-
ary of the Euclidean space. It means that for the condition
of Fi j = 0, here, Ai should behave as a pure gauge at infin-
ity or at the origin. However, it is well known that all gauge
fields with vanishing field strengths at infinity can be clas-
sified by an integer number K called “instanton number” or
“Pontryagin index” [35]
K = 1
16π2
∫
R4
d4x tr(Fμ´ν´ ∗4 F μ´ν´ ),
∗4 Fμ´ν´ = 12Eμ´ν´ρ´σ´ F
ρ´σ´ , (4.2)
by noting the conformal flatness of the Euclidean AdS4. By
using the Stocks theorem, the integral on R4 can be reduced
to an integral on ∂ R4 ≈ S3. So, for the case of our interest,
we have
K = 1
8π2
∫
R3≈S3
d3x εi jk tr
(
Ai∂ j Ak + 2i3 Ai A j Ak
)
,
(4.3)
which is of the same structure as we have in the action. Now,
to adjust to the bulk solution in (2.21) and [1], we use the
special “singular” gauge
Ai = u
2
r2 + u2 g
−1∂i g, g = (u12 − i xiσ
i )
(r2 + u2)1/2 , (4.4)
where the gauge field Ai behaves as a pure gauge on the
boundary (u → u0) and g is an element of SU (N ). We use
here the simplest case, SU (2) of course. This simple case
is even more relevant in that with k = 1, 2 and SO(8) R-
symmetry, the gauge group of BLG is indeed SU (2)×SU (2)
[7,23], which is in turn the case with two M2-branes in ABJM
[5].
Now, by evaluating the respective part of the action in
(3.1) and by hinting that it picks up a i factor because of the
Wick rotation to Euclidean space, we have
SC S = k6π
∫
S3
tr
(
A3
)
, Sinst.Y M = 4πk, (4.5)
where we have taken the integral on the north pole (u =
1, u = 0) of the unit sphere by noting that F = 0 for a
pure gauge. We see that this is the same value as that in [1]
obtained in another way and also as that in (3.1) nearly. Note
also that the topological charge here is K = −1.
On the other side, we try to follow similar lines to [13,
18], where the instanton was indeed a D(-1)-brane inside the
world volume of the N background D3-branes. To do so, we
note that the instanton charge we have, because of the added
anti-M2/D2-branes, is
Qinst. =
∫
AdS4×C P3|S7/Zk
∗(d ∗ d f ), (4.6)
where f is that in (2.21) and the Hodge-star operation just
here is in 10 or 11 dimensions. By noting that the last inte-
grand is indeed the Laplace equation, we get
Qinst. = c23Vol(∂AdS4) limu→0
∫
R3
d3x
1
u3
u3
(u2 + r2)3 =
c2
3
,
(4.7)
where the internal-space volume is factored out.
On the other hand, we recall that the conformal transfor-
mation of (2.20) allows us to relate the behavior of the system
at the origin and at infinity, where the associated asymptotic
spaces may be connected by a throat. In other words, the
original solution (2.17) for the branes is singular at infinity,
in contrast to its conformally transformed (2.21) for anti-
branes, which is singular at u = 0. The latter corresponds to
a small instanton on the boundary that leaves the background
geometry unchanged. Similar to the D-instanton in the type
IIB case over AdS5 × S5 in the string frame, the configura-
tion is composed of two asymptotic AdS4 × S7 spaces, one
at the singularity at the origin and another at infinity, which
are connected by a throat [18,19]. One interpretation may be
that we here have branes at infinity and anti-branes on the
boundary, which are connected by a throat from which the
instanton charge flows. In this language, the instanton num-
ber of K in (4.3) may be identified with the instanton charge
of Qinst. as
K ≈ Qinst. ≈ lim
u→0
∫
R3
d3x
1
u3
u3
(u2 + r2)3 . (4.8)
It may be mentioned that the solution of (2.21) matches to a
small Yang–Mills instanton when we approach the boundary
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at u = 0. In other words, three coordinates of u0 describe the
instanton location, while the scalar parameter u0 is for the
instanton size. They are indeed four moduli space parameters
of SO(4, 1)/SO(4), where SO(4, 1) is the isometry group
of Euclidean AdS4 and SO(5) is a subgroup that consists
of rotations, translations, and special conformal transforma-
tions keeping the instanton invariant up to some gauge trans-
formations. We should also note that one can obtain SU (N )
instantons by some embedding of the SU (2) instantons into
SU (N ) so that various embeddings lead to various configu-
rations [36].
Further, we note that because of the D-instanton presence
on the D3-branes, the gauge field F on the D3-brane world
volume couples to the axion field of A0 with F1 = d A0
as SW Z ∼
∫
A0 F ∧ F [11–13]. What we can say here?
We may roughly call the object some M- or D-instanton;
but a more probable counterpart may be F0 = d f as in
SW Z ∼
∫
F0 A ∧ A ∧ A. Indeed, by taking the 10- or 11-
dimensional Hodge-star on the latter 1-form and then taking
the exterior derivative, the AdS4 part of the resultant 10-form
is the integrand in (4.6). In well-known parlance, this 0-form
is named “Romans mass”, it plays here a role as if it was a D(-
2)-brane in the type IIA case like the D(-1)-brane in the type
IIB case. Indeed, it was already shown in [37] that there are
such N = 0 supersymmetry breaking solutions of ABJM.
5 Summary and comments
This work is on the trail of the recent studies [1–4] in search-
ing to find the vacua and mainly instantons of the M2/D2-
brane theories in the framework of the AdS4/CFT3 corre-
spondence. We applied some 4-form field strengths of the 10-
and 11-dimensional supergravities in terms of AdS4 ingre-
dients completely to get some solutions in the bulk. Actu-
ally, when the equations of the motion were applied to the
ansatzes, we had a solution localized just in the horizon,
which was of course associated with some special branes
included in the same directions as the background ones. As
the solutions were invariant under a special conformal trans-
formation, we then obtained a special skew-whiffed solu-
tion completely localized in the Euclidean AdS4 avoiding
the back-reaction as well. The solution, also in [1], was asso-
ciated with the branes with flipped directions (orientation-
reversed) with respect to the main M2/D2-branes in the
near horizon of the ABJM model [5] that broke all super-
symmetries while preserving the other symmetries of the
original theory. Because the bulk normalizable mode was
a SO(8)- and SU (4)-singlet massless scalar neutral under
U (1), the dual boundary operator of the conformal dimen-
sion of + = 3 should be the same singlet.
On the other hand, from the known spectra of the gauged
supergravities on the associated spaces AdS4 × S7/Zk |C P3
[6], one could see that, when the gravitinos were in 8s and 8c,
the uncharged scalars were thus in 150 of SU (4); while for
the gravitino of 8v , they were in both 10 and 200. However,
this was invalid for k = 1, 2 of the quotient space of S7/Zk
[32]. The forms of such marginal operators were of the same
type as the terms in the main ABJM Lagrangian (3.1) [26],
suspected also in [28–30]. For the current case, they were
in turn having the same structure as the bosonic potential of
(3.3). For the proposed added branes, the operator was trivial;
meanwhile for the anti-branes we should swap the represen-
tations 8s and 8v for the supercharges and scalars in ABJM,
while the fermions remained fixed in 8c. After that, we used
a single scalar field to construct the dual boundary operator,
and then, by making use of the known AdS/CFT duality rules
[8,9], we matched the bulk solution to a clear boundary one.
In addition, we used another possibility to match with the
fully localized bulk object, suitable for the k = 1, 2 cases
particularly. That was based on the Yang–Mills fields of the
common Chern–Simon terms of the standard M2/D2-branes
Lagrangian [5,7,23]. By keeping just one of the gauge groups
and then a SU (2) subgroup, we found a dual boundary solu-
tion equivalent to the instanton of the AdS4/CFT3 duality
[11–13,18], where the Romans mass F0 here might play a
similar role as the axion A0 there.
Another point to make concerns the magnetic dual of these
new (anti-) D2- and M2-branes. Indeed, we note that the
magnetic dual of the 4-forms here couple to (anti-) D4-branes
and (anti-) M5-branes, respectively. Then the world volumes
of such (anti-) branes are assumed to wrap around some of
the five and six directions of J 3 and J 3 ∧ e7, respectively.
That is a similar situation to the one already encountered in
[1], where an anti-D4-brane was supposed to wrap around
some parts of J 2 ∧ ω and its 11d counterpart was supposed
to wrap around some parts of J 2 ∧ ω ∧ dϕ.
Finally, we saw that for a special combination of the con-
stants in the solutions, the back-reactions could be ignored
in a natural way. Therefore, we may argue that the bulk
scalars do not disturb the higher-dimensional fields as it is
thought that the truncation is now consistent [14,17]. How-
ever, although the supersymmetry always ensures stability
and the skew-whiffed solution is stable just for S7, for simi-
lar situations, the stability has already been surveyed in [38]
after [27]. In fact, it is argued in [38] that the skew-whiffed
Freund–Rubin type solutions are at least perturbatively sta-
ble in the large N limit, and that for k ≥ 2 the stability is
guaranteed with S7/Zk . Nevertheless, it might be a probable
instability originating in the 0+ sector. Finding out whether
or not the existing solution is stable needs a clear evalua-
tion where we should note that the instanton is responsible
for tunneling between the original M2/D2-branes and the
orientation-reversed anti-M2/D2-branes.
On the other hand, because of the “tachyon condensation”
as a result of the brane–anti-brane pair formations, the sys-
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tems may be unstable [39] as the tachyons also present a
“flip transition” generally [40]. Still, one should note that
the marginal operators appearing in the skew-whiffed non-
supersymmetric theories may disturb the conformal fixed
points and produce instabilities [41]. So, in general, an out-
spoken analysis and evaluation of the quantum corrections
produced by the solutions are required to settle with certainly
if the system is stable.
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